Deterioration of items is a phenomenon which cannot be neglected as it may provide absurd result. In high-tech business market, deterioration is not always constant but it is time dependent. This paper presents inventory model for time dependent deterioration and time dependent demand under shortages. The mathematical model is provided to optimize the cycle time by minimizing the total cost. Numerical results are discussed to validate the proposed model. The variation of the optimal solution for different parameters is discussed for some instances.
Introduction
In the classical economic order quantity (EOQ) models demand rate is considered as constant, but in actual practice it may not be always constant; it is in dynamic stage, inventory-dependent, dependents on selling price etc. Several factors are involved in the study of economic order quantity (EOQ) models. Out of several factors, we cannot ignore the presence of deterioration. Almost all items in the universe diminish in quality, due to dryness, changing technological situation, vaporization, spoilage etc. It means that items cannot be used for customer's point of view. Most of the inventory modelers have considered that deterioration is constant, but it is not always true. In this paper, deterioration is considered to be linearly time dependent. During the past few decades, several researchers have established different inventory system incorporating the phenomena of deterioration. Ghare and Schrader (1963) developed an economic order quantity (EOQ) model for deteriorating items by considering exponential decay. This model was generalized by Covert and Philip (1973) by considering Weibull distribution deterioration. Dave and Patel (1981) developed an optimal order quantity model for linearly increasing demand under deterioration. Hariga (1996) established an inventory model for deteriorating items with time-varying demand. Teng et al. (1999) presented an EOQ models with fluctuating demand and shortages. Skouri et al. (2009) established inventory models with ramp type demand rate and Weibull deterioration rate. Mahata (2012) established an EOQ model for deteriorating item under retailer partial trade credit policy. Many researchers like Hariga and Benkherouf (1994) , Sachan (1984) , Raafat et al. (1991) , Chung and Ting (1993) , Tripathi (2014) , Tripathi and Kumar (2014) have considered inventory models for deteriorating items.
It is well known that in real market, the demand rate of almost all items is always in fluctuating state. Some research papers have been published for time dependent demand. The demand increases with time for high-tech products during the growth stage. Teng et al. (2012) presented Economic Order Quantity (EOQ) model for linearly non-decreasing demand function of time. Donaldon (1997) was the first researcher who developed inventory replenishment policy by considering linearly time dependent demand. Silver and Meal (1969) established an EOQ model for the case of a varying demand. Khanra et al. (2011) proposed an EOQ model for a deteriorating item having time dependent demand rate when delay in payment is permissible. analyzed an inventory system in which demand rate changes with time. Ritchie (1994) established an EOQ model with non-decreasing demand. Mitra et al. (1984) developed a linear optimal procedure for adjusting the economic order quantity model for cases of increasing or decreasing linear trend demand pattern. Chakrabarti and Chaudhuri (1997) established EOQ model that constructed on linear dependent demand. A linear trend in demand dependent EOQ model was developed by Wen-Yang et al. (2002) .
At present scenario, a shortage of stock situation may arise in most of business transactions due to uncertainty of customer's preferences. Stock-outs are costly for seller due to unavailability of the products. Large number of EOQ models have been established with the condition that shortages are allowed. In real life, shortage decreases with waiting time for high tech products and fashionable products with short life cycles. Thus, the partial backlogged shortages are more practical consideration for better marketing performance in today's business condition. Jaggi et al. (2016) developed an inventory model for a retailer dealing with deteriorating items under inflationary conditions over a fixed planning horizon under partially backlogged shortages. Abad (1996) established an inventory model for a time dependent deterioration and partial backlogging. Khanra et al. (2016) presented an inventory model for a retailer dealing with imperfect quality deteriorating items under permissible delay in payments and shortages. Chang and Dye (1999) established an EOQ model in which backlogging is inversely proportional to the waiting time. Dye et al. (2007) extended Abad (1996) model by considering the backorder cost and lost sale. Teng and Yang (2007) discussed the EOQ model to allow for time-varying purchase cost. Yang (2012) presented two warehouse partial backlogging inventory models with three-parameter Weibull distribution deterioration under inflation. Taleizadeh et al. (2013) discussed an inventory model for perishable product with special sale under shortages. Wu (2002) presented an inventory model with time-dependent demand for deteriorating item and shortages. developed a deterministic inventory system for an item with a constant deterioration rate under shortages. Many related articles can be found in Lee and Wu (2002) , Dye (2004) , Singh et al. (2009), Mishra and Singh (2010) , Bhaula and Kumar (2014) , Tripathi (2013) and their citations.
The demand pattern is known as uniform demand pattern. But demand of products is variable according to need and situation. In this paper demand is taken as linearly time dependent. The linearly time dependent demand is more realistic with respect to other types of demand pattern. Here D(t) = a-bt ,
It means that demand rate decreases uniformly throughout the period.
In this paper,
we analyze an EOQ model by considering deterioration and demand both are linearly time dependent under shortages. The remaining part of the manuscript is designed as followed: Section 2 provides assumptions and notations. In the third section, the mathematical formulation that explains the inventory system is developed. Section 4 shows that the optimal cycle time is applicable which minimizes total cost. Section 5 presents numerical example and sensitivity analysis in order to illustrate the model and obtain managerial phenomena. Finally, in section 6 we provide the conclusion and future research directions.
Assumption and Notations
1. The following assumptions are made throughout the manuscript: 2. The demand rate is known and is an exponential time dependent. 3. The deterioration rate Ө is constant and, 0 < Ө < 1. 4. The inventory system is assumed for a finite time horizon. 5. Lead time is negligible. 6. Shortages are allowed and completely backlogged.
In addition, following notations are used: 
Mathematical Formulations
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Determination of the optimal solution
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The sufficient conditions
, and
From the above discussion we obtain the following result: Result: Optimal T is a non-decreasing function of optimal t1. Differentiating Eq. (19) with respect to t1, we get (18) and Eq. (19), we get the optimum solutions for T* = 1.98551 years, 1 t *= 0.374103 year, Q* = 74.9272 units and optimum total cost Z* = $ 440.069. For the sensitivity analysis considering the same values as in above numerical example 1, we discuss the changes on the optimal solution with respect to key parameters, fixed ordering cost per order A0, initial demand a (at t = 0) , constant b, holding cost per unit time h , Cd , initial deterioration (at t = 0) α and β in the appropriate units. The computational results are shown in Table 1 as follows, The results obtained in above Table 1 can be summarized as follows: (i). Increase of fixed ordering cost A0 will cause increase in T*, t1*, Q* and Z*(T, t1).
(ii).Increase of initial demand a (at t = 0) will cause decrease in T* and t1*. (vii).Increase of β causes, increase in T* (except at β = 0.6) , t1*, Q* and decrease in Z*(T,t1) (Except at β = 0.6).
(viii).Increase of unit shortage costs result, decrease in T*, increase in t1*,Q* and Z*(T,t1).
Conclusion and Future Research
In real life, demand and deterioration, both, are not constant, these are in dynamic stage. We have developed EOQ model for linearly time varying deterioration and linearly time varying, non-decreasing demand. Shortages were allowed. The main goal of the work was to obtain cycle time and time to finish positive inventory, which minimizes the total average cost Z* (T,t1) . We have also shown that T* in increasing function of t1*. Next, we have provided the numerical example to validate the model proposed in this paper. Sensitivity analysis has been discussed with the change in several key parameters. From the sensitivity analysis the variations are quite sensitive with respect A0, a, h, Cd, α, s and insignificant with respect to b and β.
